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The relativistic Dirac equation under spin symmetry is investigated for generalized Morse potential. We calculated
the eigenvalues and the corresponding wave function by using the Nikiforov-Uvarov method. We also discussed
two special cases: attractive radial and Deng-Fan potentials. We have also reported some numerical results and
figures to show the effect of tensor interaction.
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The relativistic symmetries of the Dirac Hamiltonian
had been discovered about 40 years ago. These symmet-
ries have been recently recognized empirically in nuclear
and hadronic spectroscopic [1]. However, within the
framework of Dirac equation, the concepts of exact
pseudospin symmetry occurs when the magnitude of the
attractive Lorentz scalar potential S(r) and the repulsive
vector potential V(r) are nearly equal but opposite in
sign, i.e., S(r) ≈ −V(r) [2,3]. Also, the approximate
pseudospin symmetry is when the sum of the potential
is Σ(r) = cps = const ≠ 0 [4]. The pseudospin symmetry
used to feature deformed nuclei and the superdeforma-
tion to establish an effective shell model [5]. On the
other hand, the spin symmetry is relevant in mesons [6]
and occurs when the difference of the scalar S(r) and V(r)
potentials are constant, i.e., Δ(r) = V(r) − S(r) = cs = const ≠
0 [3,4]. The pseudospin symmetry refers to a quasi-
degeneracy of single-nucleon doublets with non-relativistic
quantum number n; l; j ¼ l þ 12
 
and n−1; l þ 2; j ¼ l þ 32
 
;
where n, l, j denote the single nucleon radial, orbital, and
total angular momentum quantum numbers, respectively
[7,8]. Furthermore, the total angular momentum is j ¼ ~l þ ~s ,
where ~l ¼ l þ 1 is the pseudo-angular momentum and ~s
is the pseudospin angular momentum [9].* Correspondence: ndemikotphysics@gmail.com
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in any medium, provided the original work is pThe relativistic and non-relativistic quantum mechan-
ics equations with different phenomenology have been
considerably investigated in the recent years [10-25].
Ikhdair and Sever [19] have solved approximately the
Dirac-Hulthen problem under spin and pseudospin sym-
metry limits including Coulomb-like tensor potential
with an arbitrary spin-orbit coupling number κ. Also,
Hamzavi et al. [20] studied the exact solutions of the
Dirac equation for Mie-type potential and approximate
solutions of the Dirac-Morse problem with Coulomb-
like tensor potential and relativistic Morse potential with
tensor interaction [21]. Similarly, Ikot [22] solved the
generalized hyperbolical potential including a tensor
potential for spin symmetry. The Morse potential is
one of the convenient models for the potential energy
of diatomic molecules. The Morse potential can be
used to model interactions such as the interaction be-
tween an atom and a surface [23]. Berkdemir investi-
gated the pseudospin symmetry in the relativistic
Morse potential systematically by solving the Dirac
equation by applying the Pekeris approximation to
the spin-orbit coupling term [24]. The Morse poten-
tial (MP) is defined as [21]
V rð Þ ¼ De 1−e−2α r−rcð Þ
h i
; ð1Þ
where α is the screening parameter and De is the dis-
sociation energy.
In this work, we introduced a novel potential and call
it the New Generalized Morse-like potential (NGMP)pen access article distributed under the terms of the Creative Commons
g/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
roperly cited.
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potential, and Deng-Fan potential models. It is defined as





where A, B, C, D′ are constant coefficients and the term in
the bracket is the Mobius square potential proposed re-
cently [25] (see Figure 1).
The motivation of the present work is intend to inves-
tigate this potential including the Coulomb-like term
under the spin symmetry limit and calculate the energy
eigenvalues and the corresponding wave functions
expressed in terms of the hypergeometric functions.
The organization of the paper is as follows. In the
‘Parametric Nikiforov-Uvarov method’ section, we briefly
introduced the NU method. The ‘Dirac equation with a
tensor coupling’ section is devoted to the Dirac equation
with scalar and vector potential with arbitrary spin-orbit
coupling number κ including tensor interaction under
spin and pseudospin symmetry limits. The energy eigen-
value equation and corresponding wave functions for
spin symmetry limit is obtained in the ‘Spin symmetry
limit’ section. A special case of the potential under inves-
tigation is discussed in the ‘Special cases’ section. Finally,
we give a brief conclusion in the ‘Conclusions’ section.
Parametric Nikiforov-Uvarov method
The NU method is used to solve second-order differen-
tial equations with an appropriate coordinate transform-
ation s = s(r) [26].




n sð Þ þ
~σ sð Þ
σ2 sð Þψn sð Þ ¼ 0; ð3ÞFigure 1 Behavior of potentials for α = 0.01 fm−1, A = 1, B = −2,
C = 1, D′ = −1, De = −0.8 fm
−1.where σ(s) and ~σ sð Þ are polynomials, at most of second
degree, and ~τ sð Þ is a first-degree polynomial. To make
the application of the NU method simpler and direct
without need to check the validity of solution, we present
a shortcut for the method. So, at first, we write the general
form of the Schrödinger-like Equation (3) in a more
general form applicable to any potential as follows [27]:








ψn sð Þ ¼ 0;
ð4Þ
satisfying the wave functions
ψn sð Þ ¼ ϕ sð Þyn sð Þ: ð5Þ
Comparing (4) with its counterpart (5), we obtain the
following identifications:
~τ sð Þ ¼ c1−c2s; σ sð Þ ¼ s 1−c3sð Þ;
~σ sð Þ ¼ −ξ1s2 þ ξ2s−ξ3:
ð6Þ
Following the NU method [26-30], we obtain the
following;
(1) the relevant constant:




c6 ¼ c25 þ ξ1; c7 ¼ 2c4c5−ξ2;
c8 ¼ c24 þ ξ3; c9 ¼ c3c7 þ c23c8 þ c6:
c10 ¼ c1 þ 2c4 þ 2 ﬃﬃﬃﬃc8p c11 ¼ c2−2c5 þ 2 ﬃﬃﬃﬃc9p þ c3 ﬃﬃﬃﬃc8p 
c12 ¼ c4 þ ﬃﬃﬃﬃc8p c13 ¼ c5− ﬃﬃﬃﬃc9p þ c3 ﬃﬃﬃﬃc8p 
ð7Þ
(2) the essential polynomial functions:
π sð Þ ¼ c4 þ c5s− ﬃﬃﬃﬃc9p þ c3 ﬃﬃﬃﬃc8pð Þs− ﬃﬃﬃﬃc8p½ ; ð8Þ
k ¼ − c7 þ 2c3c8ð Þ−2 ﬃﬃﬃﬃﬃﬃﬃﬃc8c9p ; ð9Þ
τ sð Þ ¼ c1 þ 2c4− c2−2c5ð Þs−2 ﬃﬃﬃﬃc9p þ c3 ﬃﬃﬃﬃc8pð Þs− ﬃﬃﬃﬃc8p½ ;
ð10Þ
τ′ sð Þ ¼ −2c3−2 ﬃﬃﬃﬃc9p þ c3 ﬃﬃﬃﬃc8pð Þ < 0: ð11Þ
(3) the energy equation:
c2n− 2nþ 1ð Þc5 þ 2nþ 1ð Þ ﬃﬃﬃﬃc9p þ c3 ﬃﬃﬃﬃc8pð Þ
þn n−1ð Þc3 þ c7 þ 2c3c8 þ 2 ﬃﬃﬃﬃﬃﬃﬃﬃc8c9p ¼ 0:
ð12Þ
(4) the wave functions:
ρ sð Þ ¼ sc10 1−c3sð Þc11 ; ð13Þ
ϕ sð Þ ¼ sc12 1−c3sð Þc13 ; c12 > 0; c13 > 0; ð14Þ
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where P μ;νð Þn xð Þ; μ > −1; ν > −1 and x ∈ [−1, 1] are
Jacobi polynomials with
P α;βð Þn 1−2sð Þ ¼
αþ 1ð Þn
n! 2
F1 −n; 1þ αþ βþ n; αþ 1; sð Þ;
ð17Þ
and Nnκ is a normalization constant. Also, the above
wave functions can be expressed in terms of the hyper-
geometric function as
ψnκ sð Þ ¼ Nnκsc12 1−c3sð Þc13
2F1 −n; 1þ c10 þ c11 þ n; c10 þ 1; c3sð Þ;
ð18Þ
where c12 > 0, c13 > 0 and s ∈ [0, 1/c3], c3 ≠ 0. This
method has been used extensively to solve various
second-order differential equations in quantum mechan-
ics such as Schrodinger equation, Klein-Gordon equa-
tion, Duffin-Kemmar-Petiau equation, spinless-Salpeter
equation, and Dirac equations [31].
Dirac equation with a tensor coupling
The Dirac equation for spin 12 particles moving in an at-
tractive scalar potential S(r), a repulsive vector potential
V(r) and a tensor potential U(r) in the relativistic unit
(ℏ = c = 1) is [32]
α
→
: p→ þβ M þ S rð Þ−iβ α→: r^U rð Þψ rð Þ ¼ E−V rð Þ½ ψ rð Þ;
h
ð19Þ
where E is the relativistic energy of the system, p→¼ −i∇→ is
the three-dimensional momentum operator, and M is the
mass of the fermionic particle. α
→
















where I is 2 × 2 unitary matrix and σ i
→
are the Pauli three-
vector matrices,
σ1 ¼ 0 11 0
 
; σ2 ¼ 0 −ii 0
 
; σ3 ¼ 1 00 −1
 
:
ð21ÞThe eigenvalues of the spin-orbit coupling operator are
κ ¼ jþ 12
 
> 0; κ ¼ − jþ 12
 
< 0 for unaligned j ¼ l− 12
and the aligned spin j ¼ l þ 12, respectively. The set (H2,K,
J2,Jz) forms a complete set of conserved quantities. Thus,
we can write the spinors as [33],




Fnκ rð Þ Y ljmðθ; φ
iGnκ rð Þ Y l˜jm θ; φð Þ
!
; ð22Þ
where Fnκ(r),Gnκ(r) represent the upper and lower compo-
nents of the Dirac spinors. Y ljm θ; φð Þ; Y l˜jm θ; φð Þ are the
spin and pseudospin spherical harmonics and m is the








→   ¼ A→:B→ þi σ→: A→xB→ ;
σ
→


























Y l˜jm θ; φð Þ ¼ −Y ljm θ; φð Þ
ð24Þ














þ U rð Þ
 
Gnκ rð Þ ¼ M−Enκ þ Σ rð Þð ÞFnκ rð Þ;
ð26Þ
where
Δ rð Þ ¼ V rð Þ−S rð Þ; ð27Þ
Σ rð Þ ¼ V rð Þ þ S rð Þ: ð28Þ
Eliminating Fnκ(r) and Gnκ in Equations (25) and (26),




κ κ þ 1ð Þ
r2





















Fnκ rð Þ ¼ 0;
ð29Þ
Figure 2 The centrifugal term (1/r2) and its approximation for
α = 0.01 fm−1, D′ = −1.






þ 2κU rð Þ
r
þ dU rð Þ
dr
−U2 rð Þ
















Gnκ rð Þ ¼ 0;
ð30Þ
where κ κ−1ð Þ ¼ ~l ~l þ 1
 
; κ κ þ 1ð Þ ¼ l l þ 1ð Þ.
Spin symmetry limit
In the spin symmetry limit, dΔ rð Þdr ¼ 0 or Δ(r) = cs = const
[1-4]. Here, we take the new generalized Morse-like po-
tential as





in addition to a Coulomb tensor interaction [21],








and A, B, C, D′, α are constant, Re is the Coulomb radius,
and Za, Zb denote the charges of the projectile a and the
target nuclei b [21] Now substituting Equations (31) and















− M þ Enκ−csð Þ
M−Enκ þ De 1− Aþ Be
−αr
C þ D 0e−αr





Fnκ rð Þ ¼ 0:
ð34Þ

































where C = −D′, Equation (33) gives a good approximation
for the centrifugal term (see in Figure 2). Performing apower series expansion and setting α → 0 gives the de-
sired r−2, as suggested by Greene and Aldrich [36]. Now,
substituting Equation (35) into Equation (34) and defining










s2 1þ D′C s
 2 −A0s2 þ A1s−A2	 
Fnκ sð Þ ¼ 0;
ð36Þ
where

















ε2 ¼ M þ Enκ−csð Þ M−Enκð Þ½ 
α2
;
~γ ¼ De M þ Enκ−csð Þ
α2
;ε2 ¼ ε2 þ ~γ ;
ηκ ¼ κ þ H þ 1ð Þ:
ð37Þ
Comparing Equation (36) with Equation (4), we get
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ð39ÞIn order to obtain the bound state energy eigenvalues,
we used Equation (12) and easily obtain the energy
eigenvalue for the Dirac-Morse square problem includ-
ing Coulomb-like tensor interaction as−
D′
C






































M þ Enκ−csð Þ M−Enκð Þ
α2
þ De M þ Enκ−csð Þ
α2
−















M þ Enκ−csð Þ M−Enκð Þ
α2











M þ Enκ−csð Þ M−Enκð Þ
α2
þ De M þ Enκ−csð Þ
α2
−







M þ Enκ−csð Þ M−Enκð Þ
α2
þ De M þ Enκ−csð Þ
α2
−






































nþ σð Þ þ nþ σð Þ
 2












 þ 1−~γ A2 −D′ 2γ AB −~γ B2
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where Nnκ is the normalization constant. The lower
component of the wave function can be calculated from
Equation (25) as







Fnκ rð Þ: ð45ÞSpecial cases
Let us study two potential models of the generalized
Morse potential.
Attractive radial potential
Zou et al. [37] and Eshghi and Hamzavi [38] proposed
the attractive radial potential of the form
V rð Þ ¼ V 1e
−4αr þ V 2e−2αr þ V 3
1−e−2αrð Þ2 ; ð46Þ
where V1,V2,V3 are constant. The NGMP model of
Equation (2) can be rewritten as
V rð Þ ¼ De 1−A
2
 
−2 1þ ABð Þe−αr þ 1−B2 e−2αr 
1−e−αrð Þ2 ; ð47Þ
for C = 1 and D′ = −1. If we set α → 2α, V3 = De(1 −
A2),V2 = 2De(1 + AB),V1 = De(1 − B
2), we obtain the en-
ergy eigenvalues and the wave function for the attractive
radial potential reported by Eshghi and Hamzavi [25] as
M þ Enκ−csð Þ M−Enκð Þ ¼ α2 β
′
nþ σ ′ð Þ þ nþ σ
′
  2





ð48ÞFnκ rð Þ ¼ Nnκ e−αrð Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ






























þ 8 M þ Enκ−csð Þ
α2
V 2−









β′ ¼ ηκ ηκ−1
 þ M þ Enκ−csð Þ
α2




Different attempt has been made by different authors to
investigate Deng-Fan exponential potential proposed
many years ago [39-43]





b ¼ eαrc−1; r∈ 0;∞ð Þ; ð53Þ
where D is dissociation energy, b and α are potential pa-
rameters, and rc is the equilibrium distance. We can re-
write the Deng-Fan potential of Equation (52) in a
simpler form as
V rð Þ ¼ D 1−2 1þ bð Þe













P c10;c11ð Þn 1−2e
−αrð Þ;
ð49Þ
Table 1 Energies in the spin symmetry limit for α = 0.01 fm−1, M = 5 fm−1, A = 1, B = −2, C = 1, D = −1, De = −0.8 fm
−1,
Cs = 5
ℓ n, κ < 0 ℓ j Esnκð fm−1ÞðH¼0Þ
Esnκð fm−1ÞðH¼0:5Þ
Esnκð fm−1ÞðH ¼ 1Þ
n, κ > 0 (ℓ, j) Esnκð fm−1ÞðH¼0Þ
Esnκð fm−1ÞðH¼0:5Þ
Esnκð fm−1ÞðH¼1Þ
1 0, −2 0P3
2
4.208736985 4.208685629 4.208690031 0,1 0P1
2
4.208736985 4.208932063 4.209393637
2 0, −3 0d5
2
4.209393637 4.208932063 4.208736985 0,2 0d3
2
4.209393637 4.210278362 4.211774841
3 0, −4 0f 7
2





4.217494247 4.214100142 4.211774841 0,4 0g7
2
4.217494247 4.222211943 4.228511891
1 1, −2 1P3
2
4.22579457 4.225744617 4.225748899 1,1 1P1
2
4.22579457 4.225984322 4.226433297
2 1, −3 1d5
2
4.226433297 4.225984322 4.22579457 1,2 1d3
2
4.226433297 4.227293895 4.228749628
3 1, −4 1f 7
2
4.228749628 4.227293895 4.226433297 1,3 1f 5
2
4.228749628 4.231011777 4.234314049
4 1, −5 1g9
2
4.234314049 4.231011777 4.228749628 1,4 1g7
2
4.234314049 4.238904779 4.245036392
1 2, −2 2p3
2
4.242466942 4.242418336 4.242422503 2,1 2P1
2
4.242466942 4.242651576 4.243088449
2 2, −3 2d5
2
4.243088449 4.242651576 4.242466942 2,2 2d3
2
4.243088449 4.243925868 4.245342453
3 2, −4 2f 7
2
4.245342453 4.243925868 4.243088449 2,3 2f 5
2
4.245342453 4.247543916 4.250757924
4 2, −5 2g9
2
4.250757924 4.247543916 4.245342453 2,4 2g7
2
4.250757924 4.255226581 4.26119628
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have De(1 − A
2) = D, De(1 + AB) = D(1 + b), De(1 − B
2)
= D(1 + b)2. In the [41], the energy eigenvalues were
obtained without tensor interaction. Then, we should
write ηκ = (κ + 1).




Db bþ 2ð Þ MþEnκ−csð Þα2
nþ σ ′′ð Þ þ nþ σ
′′
 " #2





ð55ÞFigure 3 Energy vs. H for spin symmetry limit for first choice
α = 0.01 fm−1, M = 5 fm−1, A = 1, B = −2, C = 1, D′ = −1, De = −0.8
fm−1, Cs = 5.where




















1þ2ηκð Þ2þ4b2D MþEnκ−csð Þα2
q 
P c10;c11ð Þn 1−2e−αrð Þ:
ð57ÞFigure 4 Energy vs. α for spin symmetry limit for H = 0.5, M = 5
fm−1, A = 1, B = −2, C = 1, D′ = −1, De = −0.8 fm
−1, Cs = 5.
Figure 5 Energy vs. De for spin symmetry limit for H = 0.5,
α = 0.01 fm−1, M = 5 fm−1, A = 1, B = −2, C = 1, D′ = −1, Cs = 5.
Figure 7 Energy vs. B for spin symmetry limit for H = 0.5, α = 0.01
fm−1, M = 5 fm−1, A = 1, C = 1, D′ = −1, De = −0.8 fm
−1, Cs = 5.
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We obtain the energy eigenvalues in the absence (H = 0)
and the presence (H =0.5 and 1) of the Coulomb-like
tensor potential for various values of the quantum num-
bers n and κ. In Table 1, we have reported the numerical
values of the energy for various values of H. We can
clearly see that there is the degeneracy between the
bound states and in the presence of the tensor inter-
action, these degeneracies are changed or removed. Also,
we have reported the behavior of the energy in Figure 3,
which represent energy vs. H which clearly see the de-
generacy in the spin doublets for some values of H and
the energy eigenvalue difference between the degenerate
state increases as H increases. In Figure 4, we show the
behavior of the energy vs. α for spin symmetry limits. It
is seen that if the α-parameter increases, the bound
states become more bounded both for the spinFigure 6 Energy vs. A for spin symmetry limit for H = 0.5, α = 0.01
fm−1, M = 5 fm−1, B = −2, C = 1, D′ = −1, De = − 0.8 fm
−1, C =5.symmetry limit. Similarly, the energy has also been plot-
ted vs. the potential coefficients De, A and B in Figures 5,
6, and 7. Finally, Figure 8 shows the plot of the energy
for different values of Cs. It is seen in Figures 5, 6, 7, and
8 that although bound states obtained in view of spin
symmetry become more bounded with increasing De, A
and Cs, they become less bounded with increasing B.
Conclusions
We have presented analytical expressions for the eigen-
values and wave function for the Dirac equation with a
generalized Morse potential including Coulomb-like po-
tential in view of the spin symmetry limit by using
Nikiforov-Uvarov method. We have found the radial
upper and lower wave functions in terms of the Jacobi
polynomials. We have also discussed two special cases of
this potential such as the attractive radial potential andFigure 8 Energy vs. Cs for spin symmetry limit for H = 0.5,
α = 0.04 fm−1, M = 5 fm−1, A = 1, B = −2, C = 1, D′ = −0.8 fm−1.
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http://www.jtaphys.com/content/7/1/53Deng-Fan potential which is consistent with those found
in the literature [37,38,40,41]. These results we have
obtained will be useful in many areas of physics such as
theoretical, molecular, and nuclear physics.
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